We consider a quantum walk with two marked vertices, sender and receiver, and analyze its application to perfect state transfer on complete bipartite graphs. First, the situation with both the sender and the receiver vertex in the same part of the graph is considered. We show that in this case the dynamics of the quantum walk is independent of the size of the second part and reduces to the one for the star graph where perfect state transfer is achieved. Second, we consider the situation where the sender and the receiver vertex are in the opposite parts of the graph. In such a case the state transfer with unit fidelity is achieved only when the parts have the same size.
I. INTRODUCTION
Quantum walks [1] were proposed as quantum mechanical extensions of classical random walks on a graph or lattice. The time evolution of the quantum walk can be either continuous [2] or discrete [3] . The relation between the continuous-time and discrete-time quantum walks was studied intensively [4] [5] [6] .
In continuous-time quantum walk [2, 7 ] the evolution of the particle is governed by the Schrödinger equation where the Hamiltonian is given by the discrete Laplacian of the graph. Continuous-time quantum walks have found promising applications in quantum search algorithms [8, 9] and modeling of coherent transport on graphs and networks [10] [11] [12] . Moreover, continuous-time quantum walks were shown to be universal tools for quantum computation [13] . While the original continuous-time quantum walk search algorithms were analyzed on symmetric lattices or graphs, such as hypercube or a complete graph, later it was found [14] [15] [16] that high symmetry is not required for the optimal runtime of the algorithm. More recently, it was shown [17] that the continuous-time quantum walk search algorithm is optimal for almost all graphs.
For discrete-time quantum walks Meyer has shown [3] that in order to obtain a non-trivial evolution the system cannot be scalar. A straight-forward way to overcome this constraint is to embed the particle with an additional internal degree of freedom, usually called the coin, which governs the displacements of the particle [18, 19] . However, several variants of coinless discrete-time quantum walks were proposed. In scattering quantum walks [20] [21] [22] , which were introduced following the analogy with interferometers, the states of the quantum particle corresponds to the directed edges of the graph. Equivalence between the scattering and coined quantum walks was analyzed in detail [23, 24] . Szegedy [25] proposed a construction of discrete-time quantum walks based on quantization of classical Markov chains. In the staggered quantum walk model [26] [27] [28] [29] [30] [31] ] the evolution of the particle is governed by reflections that correspond to tessellations of the underlying graph. The staggered quantum walk model was recently proven to be more general than both the coined and the Szegedy's walk [32, 33] . Discrete-time quantum walks were applied to various quantum information tasks including quantum search [25, [34] [35] [36] [37] [38] [39] or detecting anomalies in graphs [40] [41] [42] , and were shown to be universal models of quantum computation [43] .
Quantum walks were also applied to the problem of perfect state transfer [44] between two vertices of a graph or lattice, which we call sender and receiver. One approach relies on defining the dynamics at each individual vertex in order to achieve state transfer between the sender and the receiver. This method was analyzed in discrete-time quantum walks on a circle [45, 46] and a square lattice [47] . Another possibility is to modify the dynamics only at the sender and the receiver. This method was proposed for wave communication on regular lattices [48] and was further analyzed on various types of finite graphs in [49] [50] [51] . Typically, it does not allow for the transfer of the internal state of the particle which is possible in other discrete-time models [45] [46] [47] . On the other hand, the method requires less control over the system, since we only have to adjust the coin operators at the sender and the receiver vertices. In the continuous-time quantum walk framework it was shown [17] that this protocol achieves perfect state transfer for almost any graph.
In the present paper we extend the results of [51] , where we have among others considered the perfect state transfer on a star graph by means of discrete-time quantum walk, to complete bipartite graphs. Indeed, star graph is a particular example of a complete bipartite graph where one of the parts has only one vertex. Two different scenarios are considered, namely the sender and the receiver vertex are either located in the same part or in the opposite parts. We show that when both the sender and the receiver vertex are located in the same part the dynamics of the walk is independent of the size of the second part. Hence, the effective evolution operator is the same as for the star graph, where the perfect state transfer is achieved with unit fidelity [51] . Next, we analyze the situation where the sender and the receiver vertex are in the opposite parts. We show that in such a case the perfect state transfer with unit fidelity is achieved only when the parts are of the same size.
The rest of the paper is organized as follows: In Section II we introduce the notation and review the basic ideas of state transfer by means of discrete-time quantum walk. The case where both the sender and the receiver vertex are located in the same part is considered in Section III. In Section IV the situation where the sender and the receiver vertex are in the opposite parts is analyzed. We summarize our results and present an outlook in the conclusions of Section V.
II. PRELIMINARIES
In this Section we introduce the notation that will be used later on in the paper. We analyze the state transfer between two vertices of a complete bipartite graph of m plus n vertices K m,n by means of a discrete-time quantum walk. We consider the coined quantum walk model. Alternatively, one can employ the scattering quantum walk formalism [20] [21] [22] . Nevertheless, both models are equivalent [23, 24] and lead to exactly the same dynamics. To distinguish between the vertices of different parts of the complete bipartite graph we label them with latin letters in the first part and greek letters in the second.
Let us begin with the definition of the Hilbert space of the quantum walk we consider. Since the graph is bipartite the Hilbert space can be written as a direct sum
where the states from H (1) (H (2) ) corresponds to the particle located in the first (second) part accompanied with some coin state. The Hilbert spaces H (i) have the form of tensor product
of the position space H (i) P and the coin space H (i)
C . In the first part, which has m vertices, the position space H
P is spanned by vectors |i p with i ranging from 1 to m. The coin space H (1) C is determined by the neighboring vertices, i.e. the vertices where the particle can move in a single step. Since we consider complete bipartite graph, the neighbors of any vertex from the first part are all vertices from the second part. Hence, the coin space H
(1) C is n-dimensional and we denote the basis vectors as |α c with α ranging from 1 to n. To shorten the notation we denote the basis vectors of H (1) by |i, α ≡ |i p ⊗ |α c . The state |i, α corresponds to the particle located at the vertex i that will move to the vertex α after the application of the shift operator, which will be defined later. Similarly, for the second part the position space H (2) P is spanned by vectors |α p with α ranging from 1 to n and the coin space H (2) C is spanned by vectors |i c with i ranging from 1 to m. We denote the basis vectors of H (2) by |α, i ≡ |α p ⊗ |i c . The evolution operator which propagates the quantum walk by one step can be decomposed into a sum of two operators
where U i acts nontrivially only on the states from H (i) . The operators U i have the form
where S i denotes the shift operator and C i is the coin operator. The shift operators displace the particle from one part of the complete bipartite graph to the other according to its coin state. We define them by
where the summation over i runs from 1 to m and the summation over α runs from 1 to n. This will hold throughout the paper unless otherwise specified. Let us now turn to the coin operators C i which alter the internal coin states before the shift itself. For the purpose of state transfer we consider two marked vertices, sender and receiver, between which we want to communicate the quantum state. On the marked vertices the coin operator will act in a different way then on the non-marked vertices. In the present paper we consider the coin operator on the non-marked vertices to act as a Grover diffusion operator [52] of appropriate dimension, while on the marked vertices it will act as minus identity. The explicit form of the coin operators C 1 and C 2 will be given latter depending on the location of the marked vertices. The sender vertex will be always located in the first part and we label it as s. The receiver vertex will be either in the same part as the sender vertex, in which case we label it as r, or in the second part and we label it as ρ.
In the following Sections we analyze the transfer of the particle from the sender vertex to the receiver vertex by means of the discrete-time quantum walk defined above. We start the walk in the initial state
i.e. the particle is located at the sender vertex with equal-weight superposition of all basis coin states. We analyze its evolution towards the target state, where the particle is located at the receiver vertex. The explicit form of the target state will be given latter depending on the location of the receiver vertex. Our analysis is based on the determination of the invariant subspace of the effective evolution operator which greatly reduces the complexity of the problem. Similar dimensional reduction due to the high symmetry of the graph [53] was applied previously in both discrete-time [40, 41, 51] and continuous-time quantum walks [15] .
III. SENDER AND RECEIVER IN THE SAME PART
Let us begin our analysis with the situation where both the sender and the receiver vertex are in the first part. The coin operator C 1 is then given by
where I n denotes the identity and G n is the Grover diffusion operator
both acting on the n-dimensional coin space H
C . Hence, we find that the part of the evolution operator acting on H
(1) reads
On the second part, which does not contain any marked vertices, the coin operator is given by
where G m is the Grover diffusion operator on the m-dimensional coin space H
The part of the evolution operator acting on H (2) then reads
We start the walk in the state (2) and analyze its evolution towards the target state
Note that both states (2) and (5) belong to H (1) . Since the walk is bipartite, it is sufficient to consider only the square of the evolution operator, and in fact we can restrict to the part which acts non-trivially on the initial state. We find that the effective two-step evolution operator is given by
In the following we show that the evolution of the quantum walk on the complete bipartite graph K m,n is the same as for the star graph K m,1 where the perfect state transfer is achieved [51] . First, we determine the invariant subspace of the effective evolution operator (6) which contains the initial (2) and target (5) states. Clearly, the initial and target states are orthogonal and can be used as the first two basis states of the invariant subspace
To complete the invariant subspace we choose the last basis state as
Simple algebra reveals that the action of the effective evolution operator (6) on the basis states |φ j is given by
Hence, in the invariant subspace spanned by |φ j the evolution operator (6) reduces to the following matrix
which is independent of the size of the second part. In fact, the effective evolution operator (7) is exactly the same as for the star graph K m,1 where it was shown [51] that perfect state transfer is achieved when we choose the number of steps of the quantum walk as the closest even integer to
IV. SENDER AND RECEIVER IN OPPOSITE PARTS
Let us now turn to the case where the sender and the receiver vertices are in the opposite part. To be specific, we consider the sender vertex (labeled s) located in the first part and the receiver vertex (labeled ρ) in the second part. The coin operator C 1 is given by
where G n is given in (3). The part of the evolution operator acting on H (1) then reads
Similarly, the coin operator C 2 reads
where I m denotes the identity on the m-dimensional coin space H
C and G m is given in (4). The part of the evolution operator acting on H (2) then reads
We again begin the walk in the initial state (2) and analyze its evolution towards the target state, which now reads
Since the sender and the receiver vertices are located in the opposite parts of the graph the initial state (2) and the target state (8) do not belong to the same subspace of H. Hence, it is suitable first to apply the evolution operator of the walk (1) once on the initial state (2) . The state of the walk after one step is given by
which belongs to H (2) , i.e. the same subspace as the target state (8) . From now on we can again employ the bipartitness of the walk and consider the effective two-step evolution operator
In the following we analyze how close we can get from the state (9) towards the target state (8) by successive applications of the effective evolution operator (10) . We begin with the determination of the invariant subspace of (10) which includes the vectors (8) and (9) . In contrast to the previous Section, these two vectors are no longer orthogonal and therefore they cannot be directly used as basis vectors of the invariant subspace. One possibility to choose the basis of the invariant subspace is given by [54] |φ 1 = |ρ, s ,
Clearly we find
i.e. both the target state (8) and the state (9) are included in the subspace spanned by |φ j . Simple algebra reveals that the action of the effective two-step evolution operator (10) on the basis states (11) is given by
Hence, the effective evolution operator (10) is in the invariant subspace spanned by the vectors |φ j given by the matrix
Let us now determine the eigenvalues and eigenvectors of the matrix (12) . We find that the eigenvalues are 1 which has a two-fold degeneracy and e ±iω , where the phase ω is given by
The eigenvectors corresponding to eigenvalue 1 are given by
Eigenvectors corresponding to λ 3,4 = e ±iω are given by
where the coefficients a, b and c read
Let us now analyze the evolution of the state (9) towards the target state (8) under the effective evolution operator (12) . The decomposition of the state (9) into the eigenbasis |χ i is given by
Hence, the state of the walk after t iterations of the effective two-step evolution operator, i.e. after 2t + 1 steps of the quantum walk, reads
We find that the decomposition of the target state (8) into the eigenbasis |χ i is given by
Therefore, the fidelity between the state of the particle after 2t + 1 steps of the quantum walk (13) and the desired target state equals
Note that for even number of steps the particle is located in the first part of the graph and hence the fidelity vanishes. We find that the first maximum of the fidelity is reached for
i.e. in order to achieve the state transfer with highest possible probability we have to choose the number of steps of the quantum walk equal to odd integer closest to
The maximal value of fidelity is given by
We note that the maximal fidelity is less than one unless m = n, i.e. perfect state transfer with unit probability can be achieved only when both parts have the same number of vertices. We illustrate these results in Figures 1-4 . In Figure 1 we consider state transfer on the complete bipartite graph K 100,100 . The plot shows the fidelity as a function of the number of steps. Since the parts of the graph have the same number of vertices it is possible to achieve perfect state transfer with unit fidelity. Fidelity as a function of the number of steps t for state transfer on the complete bipartite graph K100,100. The red line denotes the analytical expression (14) and the black dots corresponds to the numerical simulation. The black dots are plotted only for odd time steps, since for even steps the fidelity vanishes. Since m = n perfect state transfer with unit fidelity is possible. The number of steps required to achieve unit fidelity is given by T = 23 steps, in accordance with the analytical results of (15) .
In Figure 2 we show the fidelity as a function of the number of steps for state transfer on the complete bipartite graph K 100,50 , i.e. the parts have different number of vertices. In such a case it is not possible to achieve state transfer with unit fidelity. According to (16) the maximal attainable value of fidelity is F max ≈ 0.89.
In Figure 3 we display the maximal value of fidelity (16) as a function of the size of the parts m and n of the complete bipartite graph K m,n .
Finally, in Figure 4 we show the maximal value of fidelity for the complete bipartite graph K 100,n as a function of the size of the part containing the receiver vertex n.
V. CONCLUSIONS
State transfer between two vertices of a complete bipartite graph by means of discrete-time quantum walk was analyzed. We have shown that when the sender and the receiver vertices are located in the same part the perfect state transfer is achievable independent of the size of the second component. However, when the sender and the receiver vertices are located in the opposite parts of the graph the state transfer with unit fidelity is achieved only when the two parts of the graph have exactly the same number of vertices. The maximal value of fidelity of state transfer in dependence on the number of vertices of the respective parts of the complete bipartite graph was determined. In the present model we have discussed state transfer in a closed system, where the dynamics is purely unitary. However, one can consider interactions of the particle with environment, i.e. open quantum dynamics which inevitably leads to decoherence. It would be interesting to analyze how strong interaction one can tolerate in order to achieve (16) in dependence on the size of the part which contains the receiver vertex n. The size of the part which contains the sender vertex is taken as m = 100. We see that Fmax reaches unity for m = n = 100 and then declines gradually.
state transfer with a desired fidelity. We plan to investigate the effects of decoherence on the state transfer efficiency in the near future.
